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LETTER TO THE EDITOR

Hidden symmetry of the differential calculus on the
guantum matrix space

S Sinel’'shchikoy and L Vaksmah

Mathematics Department, Institute for Low Temperature Physics and Engineering, 47 Lenin
Avenue, 310164 Kharkov, Ukraine

Received 5 November 1996

Abstract. A standard bicovariant differential calculus on the quantum matrix space:Mal,
is considered. Our main result is proving that #igs(gl,, x gl,)-module differential algebra
Q*(Mat(m, n)), is in fact aU,sl(m + n)-module differential algebra.

1. This work solves a problem whose simple special case occurs in the construction of
a quantum unit ball ofC" (in the spirit of [10]). Within the framework of that theory,

the automorphism group of the ba$lU(n,1) C SL(n + 1) is essential. The problem

is that the Wess—Zumino differential calculus in quant@h [11] seems at first glance

to be only U,sl,-invariant. In that particular case the |08} sl,,.,-symmetry can easily

be detected. The main result of this work is disclosing the hidbgsi,-symmetry for
bicovariant differential calculus in the quantum matrix space (atz). (Note that for

n = 1 we have the case of a ball).

2. We start with recalling the definition of the Hopf algelirgsiy, N > 1, over the field
C(qg) of rational functions of an indeterminaie[4, 5]. (We follow the notation of [3]).
Fori,je{l,...,N—1}let

2 i—j=0
a; =14 -1 li—jl=1
0 li —j| > 1.
The algebral,sly is defined by the generatof%;, F;, K;, Kfl} and the relations
K:K; = K;K; KK '=K'K; =1
KiE; = q" E;K; KiFj =q " F;K;

EiF,— FiE; = 8;(Ki — K;Y/(qg —q ™Y

E?E; — (¢ +q YEE/E + EJE? =0 li—jl=1
F?Fj—(q+q DFEFF+FF?=0  |i—jl=1
[Ei,E]] =[F,F]=0 li —jl# 1.
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A comultiplication A, an antipodeS and a counit are defined by

AE,=E;®1+K; QE; AF,=F QK '+10®F
AK; = K; Q K; S(E;) = —K;'E;
S(F) = —FK; S(Ki) =K; "

e(E;) =¢e(F;))=0 e(K)) =1

3. Recall a description of a differential algebf# (Mat(m, n)), on a quantum matrix
space [2, 8].
Leti, j,i’,j €{1,2,...,m+n}, and

q i=j=i'=J
o 1 i"=j,j =iandi #j
Rzl'jj = 1 T . . .
9 —4q i=i',j=jandi <j
0 otherwise.

@*(Mat(m, n)), is given by the generatog’} and the relations

DBy 8 __ ped B oa
Z Ryzsta tb - Z Rahtd tc
V.0 c,d

saB pa't v 1.8 _ j.aB
E R,y Roy 1, dty, =dijt,
al,b/’yl,(sl
pa't’ g.v' 5.8 _ ag.B
Ry, dt, dt, = —dt;}dt,

”
R,

a'\b'y 8
(a,b,c,d,a’,b €{l,...,n}; o, B,y,8,y,8 €{l,...,m}).
Let us define a grading by dégf) = 0, deg(dry) = 1. With that,C[Mat (m, n)], =
QO%(Mat (m, n))), will stand for a subalgebra of elements with zero degree.

4. Let A be a Hopf algebra an& an algebra with unit and aa-module the same time.
F is said to be aA-module algebra [1] if the multiplicatiom : F® F — F is a morphism
of A-modules, and k F is an invariant (i.ea(f1f2) = Zj a;fL®aj fo, al = e(a)l for
alla € A; f1, f> € F, with A(a) = 3 _; a; ® a]).

An important example of am-module algebra appears if one suppli¢s with the
structure of anA-module: (af, b) = {f, ba), a,b € A, f € A*.

5. Our immediate goal is to furnisBi[Mat (m, n)], with a structure of &/,s(,,,-module
algebra via an embeddir@[Mat (m, n)], — (Uysluin)*

Let {¢;;} be a standard basis in Mat + n) and{f;;} the dual basis in Main + n)*.
Consider a natural representationof U, sl ,:

m(E) =eiiq1 w(F) = eiy1i n(K;) = qeii +q teiv1ii1 + Z €jj.
JALi+1
The matrix elements:;; = f;;7 € (Uysl,4,)* Of the natural representation may
be treated as ‘coordinates’ on the quantum gréup,., [4]. To construct ‘coordinate’
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functions on a big cell of the Grassmann manifold, we need the following elements of
C[Mat (m, n)],:

. . . 1
X(J1s J2r oo Jm) = Z (—q) (u))uljwu)uz.iwa) C Umgyny >

weS,

withl<ji<jo<- < jn<m+n,andl(w) = card{(a, b)| a < b andw(a) > w(b)}
being the ‘length’ of a permutatiow € S,,,.

Proposition 1. x(1, 2, ..., m) is invertible in (U,s(,+,)*, and the map
ty = x(1,2,...,m)_lx(l,...,m—i—/l\—a,...,m,m—i-a)
can be extended up to an embedding
i: C[Mat(m,n)], = (Uysluin)™.
(here the™ sign indicates the item in a list that should be omitted).

Proposition 1 allows one to equf{Mat (m, n)], with the structure of &,sl(,,,,-module
algebra:

iE1 = Eir” Ee Uy, acf{l,....n}, ac{l....m}.

6. The main result of our work is the following theorem.

Theorem 1.Q*(Mat (m, n)), admits a unique structure of@,sl,,,-module algebra such
that the embedding

i . C[Mat (m,n)], — Q*(Mat(m, n)),
and the differential

d: Q*(Mat(m,n)), — Q*(Mat(m,n)),
are the morphisms d¥,sl,,,,-modules.
Remark 1. The bicovariance of the differential calculus on the quantum matrix space
allows one to equip the algebr&*(Mat(m,n)), with a structure ofU,s(gl, x gl,)-
module, which is compatible with multiplication iR*(Mat(m, n)), and differentiald.

Theorem 1 implies thaf2*(Mat(m, n)), possess an additional hidden symmetry, since
UygStusn 2 Uygs(al, x gl,).

Remark 2. Let go € C andgo is not a root of unity. It follows from the explicit formulae
for E,t%, F,t®, K, a e {1,...,n}, « € {1,...,m}, that the ‘specialization’

Q*(Mat(m, n))y, is aUysl,4,-module algebra.

7. Supply the algebr#/,sl,, ., with a grading as follows:
deg(K;) = deg(E;) = deg(F;) =0 for i #m

deg(K,,) =0 deg(E,) =1 deg(F,,) = 0.

The proofs of proposition 1 and theorem 1 reduce to the construction of gtadéd, -
modules which are dual respectively to the modules of functiﬁﬁel\/lat(m,n))q and
that of 1—forms§21(Mat(m,n))q. The dual modules are defined by their generators and
correlations. While proving the completeness of the correlation list, we implement the
‘limit specialization’go = 1 (see [3, p 416]).
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The passage from the order-one differential calcul@®(Mat (m, n))g 4
Ql(Mat (m, n)), to Q*(Mat(m, n)), is done via a universal argument described in a paper
by Maltsiniotis [9]. This argument does not bre&sl,,,-symmetry.

8. Our approach to the construction of the order-one differential calculus is completely
analogous to that of Drinfel'd [4], used initially to produce the algebra of functions on a
guantum group by means of a universal enveloping algebra.

9. The space of matrices is the simplest example of an irreducible prehomogeneous vector
space of parabolic type [7]. Such a space can also be associated with a pair constituted by
a Dynkin diagram of a simple Lie algebta and a distinguished vertex of this diagram.
Our method can work as an efficient tool for producitigG-invariant differential calculi
on the above prehomogeneous vector spaces.

Note thatU,G-module algebras of polynomials on quantum prehomogeneous spaces of
parabolic type were considered in a recent work by Kebe [6].
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